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3-particle Calogero Model: Supertraces and Ideals on 

the Algebra of Observables 



The associative superalgebra of observables of 3-particle Calogero model giving 
all wavefunctions of the model via standard Fock procedure has 2 independent su- 
pertraces. It is shown here that when the coupling constant v is equal to n + 1/3, 
n — 1/3 or n + 1/2 for any integer n the existence of 2 independent supertraces leads 
to existence of nontrivial two-sided ideal in the superalgebra of observables. 

1 Introduction 

Three-particle Calogero model is a convenient object for investigation of some properties 
of iV-particle Calogero models flU, as it has many features which distinguish multiparticle 
systems from one-particle ones, but still remains an easy problem admitting separation of 
variables @. 

It is well known that after some similarity transformation the Hamiltonian of Calogero 
model attains the form 
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which coincides with the operator 
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on the space of symmetric functions. In this expression the annihilation and creation oper- 
ators af (a = 0, 1) are expressed through the differential-difference Dunkl operators DAx) 



I d N 1 

af = -={ Xi + (-l) Q A(x)), where D t = — + (1 - K«), (3) 

\ Z OXi Xi X\ 

and Kij = Kji are the operators of elementary transpositions 

KijXi = XjKij, K i:j x k = x k K i:j iik^i and k ^ j. (4) 
The operators af satisfy the following commutation relations 



a 



N 



where e a/3 = — e^ a , e 01 = 1, which lead (H) to the relations 

[H, af] = -(-1)X> 

and, therefore, a\ when acting on the Fock vacuum |0) such that a°|0) = for any j, give 
all the wavefunctions of the model (@) and, consequently, of the model (|l|). In Perelomov 
operators M , describing the wavefunctions of the model (|TJ) are expressed via these operators 
a?- 

Let SHn(u) be the associative superalgebra of all polynomials in the operators 
and af fl3|), with Z 2 -grading n defined by the formula: vr(af) = 1, 7r(l) = n(Kij) = 0. 
The superalgebra SH^iy) is called the algebra of observables. It is clear that SH^{v) = 
SHi(0) (g) SH' N (u), where SHi(0) is generated by the operators a a = J2iaf/VN satisfying 
the commutation relations [a a , or] = e a/3 , while SH' N (u) is generated by the transpositions 
and by all linear combinations of the form Ajaf with coefficients A, satisfying the 
condition Aj = 0. 

The group algebra C[SV] of the permutation group Sjy, generated by elementary trans- 
positions is a subalgebra of SH' N {y). 

The group SV acts trivially on the space of wavefunctions of Calogero model ([[]), but for 
every nontrivial representation of Sn there exists a matrix version of the Calogero model 
where this representation is realized ||. 

The supertrace on an arbitrary associative superalgebra A is complex-valued linear func- 
tion str(-) on A which satisfies the condition 

str(fg) = (-iy^\str(gf) (5) 

for every f,g G A with definite parity. 

It is proven in || that SH^{v) has nontrivial supertraces and the dimension of the 
space of the supertraces on SH^{v) is equal to the number of partitions of N into the 
sum of positive odd integers. In particular, SH 2 {v) has only one supertrace and SH 3 (u) 
has two independent supertraces. Since SH N (u) = SH^O) ® SH' N {u) and SHi(0) has one 
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supertrace, it follows that the numbers of supertraces on SH N {y) and on SH' N {y) are the 
same. 

Knowing the supertraces on SH' N {p) is useful in different respects. One of the most 
important applications is that these define the multilinear invariant forms 



which makes it possible, for example, to construct the Lagrangians of dynamical theories 
based on these algebras. In particular, every supertrace defines the bilinear form 



Since the complete set of null-vectors of every invariant bilinear form constitutes the two- 
sided ideal of the algebra, the supertrace is a good tool for finding such ideals. In the well 
known case of SH' 2 {y) corresponding to the usual two-particle Calogero model the only su- 
pertrace defines the bilinear form flf]) which degenerates when v is half-integer [JID| , hence, 
the superalgebra SH' 2 {v) has an ideal for these values of v. When N > 3 the situation 
is more complicated as SH' N (y) has more than one supertrace. In the case of finitedimen- 
sional superalgebra this would be sufficient for existence of ideals but for infinitedimensional 
superalgebras under consideration the existence of ideals is not completely investigated yet. 

Here I show that in the superalgebra SH' z (v) with v = n ± 1/3 or v = n + 1/2 there 
exists one supertrace with degenerated corresponding bilinear form (§) and that for the 
other values of v all the bilinear forms corresponding to supertraces are non-degenerate. It 
should be noticed that the existence of supertraces depends on the choice of ^-grading 
while the existence of an ideal does not depend on the grading. Still open are the problems, 
what the quotient algebras are (in the case of SH 2 {y) for v = n + 1/2 these are Mat n ) and 
if there exist ideals of another type. 

The paper is organized as follows. In Section 2 the generating elements of associative 
superalgebra SH f 3 (u) are presented together with the relations between them. The equation 
for generating functions of arbitrary supertrace on SH f 3 (u) are derived and solved in Section 
3, and in the last Section all values of u, such that SH' 3 {v) has the ideal generated by the 
zeroes of the bilinear form corresponding to the supertrace are found. 



In this Section we present the generating elements of associative superalgebra SH'^v) and 
relations between them. 

Let A = exp(2m/3). As a basis in C [S3] let us choose the vectors 



str(fxf 2 ... fn) 



Bstrtf, g) = str(fg). 



(6) 



2 The algebra SH' 3 
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Instead of the generating elements af let us introduce the vectors 



x a = a% + \a% + \ 2 a c 3 , 
y a = af + \ 2 a% + Xa^, 



x d = x°, 

def 

y = y , 



y + - v , 



which are derived from af by subtracting the center of mass a c 



i=l,2,3 



rpafB 



The Lie algebra sl 2 of inner automorphisms of SH'^v) is generated by the generators 



T 



ai3 



These generators satisfy the usual commutation relations 
and act on generating elements x a and y a as follows: 



T af3 ^7 



T a/3 , 



e°V + e^y a 



(7) 



(8) 



(9) 



0. 



leaving the group algebra CfSy invariant: T alS , 

Clearly, SH' 3 (u) decomposes into the infinite direct sum of finitedimensional irreducible 
representations of this sl 2 . Every subspace of the space SH' z (v) where sl 2 (0) acts non- 
trivially and irreducibly consists of linear combinations of the vectors of the form [/, T a/3 ] . So 
every supertrace vanishes on this subspace and has non-trivial values only on the associative 
subalgebra H®(v) C SH 3 (v) of all sl 2 -singlets. 

Let m = \{x a , y a }. Clearly, m is a singlet under the action of s[ 2 (0); rn can also be 
expressed in the form 



m = - (x a y a + 3 + 9uL ) or, equivalently, 
m — — (y a x a — 3 — 9uL ) . 



(10) 
(11) 



In these formulas the greek indices are lowered and rised with the help of the antisymmetric 
tensor e alS : a a = ^pS^ap. Obviously, all the other sing lets in if ° (v) are polynomials in m 
with coefficients in CfSy. 

The generating elements x a , y a , Qi, Li and the element m satisfy the following relations: 

(12) 
(13) 



where & = & 



LiLj — 


$i+jQj> 


LiQj = 6 




QiLj = 


S i+ jLj, 


QiQj ' 


i-jQj, 


LiX = 


y a L i+ i, 


Uy a 


= x Li— i, 


QiX 


X a Qi+l, 


Q l y a 


= y a Qi-i 


Litn = 


-- -mLi, 


QiTU 


= mQi, 



(14) 
(15) 
(16) 
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-9uL 



+i> 



y, y 



-9i/L_i, 



y, x 



x, y 



3 + 9uL 



o- 



(17) 



and 

[m, x a ] = 
[m, y a ] = 

from which the relations 

mQ + x a Q- 
mQ^y a Q + 
mQ^x a Q 
mQ + y a Q 
Q x a Q + m 
Q y a Q_m 



■ (x a + 3ux a L + 3uL x a ) 
~(y a + 3uy a L + 3vL y c 



Q+x a Q- (™ + §)> 

Q^y a Q + (m - |) , 

/ 3 9 
Q-X a Q f m+ - + -i/Lo 

Q+y a Qo (m - - - ^vLq 
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m 



vL Q x a Q. 
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m + - + ~isL ) Q y a Q. 



(18) 

(19) 
(20) 
(21) 
(22) 
(23) 
(24) 



follow. 

It was shown in |J that every supertrace on SH' 3 (u) is completely determined by its 
values on C [S3] C SH^(u), i.e., by the values str(l), str(Ki 2 ) = str{K 2 z) = str(K S i) and 
str (K12K23) = str(K\2Kiz), which are consistent with (|5|) and admit the extension of the 
supertrace from C [S3] to SH' z {y) in a unique way, if and only if 



str(Kij) = i/(-2str(l) - str(K 12 K 23 )). 



(25) 



It was noticed above that only trivial representations of sl 2 can contribute to any su- 
pertrace on SH' 3 (b>). Therefore, it suffices to find the restrictions of the supertraces on 



3 Generating functions 



The equations for generating functions of arbitrary supertrace are derived and solved in this 
section. 

Let us introduce the generating functions: 



(26) 
(27) 

(28) 



F(0 = str [sh I -£m)(Q + -Q_] 



$(0 = str (ch( -£m )(Q + + Q_; 



str I ch |£W-m 2 + 9z/ 2 | Q 



which completely describe any supertrace str(-) on SH' 3 (u). Indeed, it follows from 
(jjp and (I) that the identities str(m k Li) = str(m k ~ 1 Lim) = —str{m k Li) take place 
for k > and, therefore, str(f(m)Li) = f(0)str(Li). Further on, from str(m k Qo) = 
str(m k Ll) = str(L m k L ) = (—l) k str(m k Ll) it follows that str(sh(£m)Q ) = 0. Analo- 
gously, str(sh(2/3£m)(Q + + Q_)) = and str(ch(2/3£m)(Q + - Q_)) = 0. 

The equations for generating functions. 

One can obtain two equations for generating functions of supertrace by differentiating the 
definition ( F2BD and two more equations by differentiating fl27p. To derive the first equation 
one has to use the expression (PHI) for m in the term mQ + and ([11]) in the term mQ_. To 
derive the second equation one has to use the expression ( JTT| ) for m in the term mQ + and 
(|10|) in the term mQ_. The first equation has the following form 

F\0 = \str (ch (j£m) Q + 3 + 9uL ) Q + - 1 - (y a x a - 3 - 9uL ) Q.Jj , 

which with the help of (|^), flU), flU), ©, © and the defining properties of 

supertraces (|5|) can be reduced to 

F'(£) = $(0 - ~s*r (ch (~£m + e) - ch (j£m - e) x Q y a Q + ) . (29) 

By ubstituting in (|29"D the expressions for and in terms of m obtained from (10) 
and (0), respectively, and decomposing the expressions ch (§£?ti ± ^j, one can easily obtain 
the equation desired: 

$ = F' + (sh£ $)' - (ch£ F)'. (30) 
To derive the second equation we start with 

F'(0 = \str (ch (~£m) Q (y Q a; Q - 3 - 9z/L ) Q+ - ^ (z Q y Q + 3 + 9z/L ) Q_ 
With the help of (H), (H, (0), and (|) one obtains 
F'(0 = -^)-± str (&^m-£-3uZL ^x a y a Q -ch^ 
1 / . . . a 

-str\ c 



-$ - -str^ch£ch (^-£m - 3z/£L J (2m - 3 - 9zaL )Qo 
— sh£ sh ^g£ m — 3z/£L ) (2m — 3 — 9uL )Q 
-ch£ ch (-£m + 3z/£L ) (2m + 3 + 9uL )Q 

-sh£ sh f-£m + 3^L ) (2m + 3 + 9uL )Q ) . (31) 



.3 

From mLo = —Lorn it follows that 

ch(am + (3L )Q = (chJa 2 m 2 + f3 2 )Q, 



sh(am + (3L )Q = —===== ( sh^/ a 2 m 2 + f3 2 ) (am + f3L )Q , 
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which allows us to rewrite equation fl3T| ) in the following form 



F' = -$ + 2 |sh£str ^ch^ (^m) 2 + (3^) 2 j Qoj + 2(ch£ sh(3i/f ) strL )'. 

The second pair of equations is derived in a similar way. 
Finally, one obtains the following system of equations 

F' = -$ + 2 (shf )' + 2(ch£ sh(3z/£) strL )' , (32) 

$' = — F — 2 (ch£tf )' - 2(sh£ sh(3^) strL )' , (33) 

$ = F' + (sh£ $)' - (ch£ F)' , (34) 

F = $'+ (ch£$)' - (sh£F)', (35) 



(where the equations (0) and (35) are equivalent) with the following initial conditions 

F(0) = 0, 

$(0) = str(Q + + Q_), 
tf(0) = str(Q ). 

It is easy to find three integrals of motion for this system. To find the first one, it suffices 
to subtract ( |34"D from (0), to find the second one, to subtract ( |35| ) from (|33|). To find the 
third one, one considers the linear combination of equations sh£ (|32|) +ch^ (|33|) . 

The result of these actions has the following form: 

(F(2-ch£) + $sh£ + ^(-2sh£))' = 2(ch£sh(3zO^r(L ))' , 
(F (-sh£) + $ (2 + ch£) + ^ (2ch£))' = -2(sh£ sh(3z/0 str(L ))' , 
(Fshf + $ch£ + 2#)' = -2sh(3i/^)str(L ) . 

The solution. 

The solution of the obtained system of equations in the terms of generating functions 
more convenient for further consideration is of the form 

Q + = f str(e 2/ '^ m Q +1 ) = ^, where 



P + = 2uS 1 (-e 2? + 2e'«) + sh(3i/£) (e 2 « + e*f) + f (e^ - 2e« + 3 



(36) 



Q_ d M str(e 2/3fm g_ 1 ) = where 



P_ = 2vS, {^P- (-e- 25 + 2fif) - sh(3^) (e" 2? + e*) J + y (e 2§ - 2e~« + 3) , (37) 



Qq = f str(ch(^4:/9m 2 + 9u 2 (Qo ± L )) = y ± z^ lC h(3z^), where 

P = 2^ + (-e 3 ^ + e^)) + f (e 2 ^ + e" 2 ^ - 2e^ - 2e^ 

V 3 2 / 2 



(3? 
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TZq = str(sh^m)Q ) = 0, 
C ± d M str(e 2 ^ m L ±1 ) = 0, 

C = f str(e 2 ^ m L ) = uS 1 . 

Here A = exp(— 3£)(exp(3£) + l) 2 and S±, S 2 are arbitrary parameters determining the 
supertrace in the two-dimensional space of supertraces: 

S 1 = -2str(l) - str(K 12 K 23 ), S 2 = f str(l) - 2 -str{K 12 K 2Z ). 



4 Ideals 

It can be easily shown that if some non-trivial ideal X C SH'^iy) has nonzero intersection 
with H®(i>) (which is an ideal in H^(u)), then X has nonzero intersection at least with one 
of the subspaces in H^(u) consisting either of the elements of the form {Q±f{m)} (cases 
P±) or of the elements of the form {(Qo ± L )f(m)} (case Po). 

First, let us look for elements of the ideal of the form {Q + f(m)}, i.e., look for polynomial 
functions / such that 

If such nontrivial function / does exist, then (|36[) is a linear combination of exponents 

i 

where each is a polynomial in £. 

It follows from (|36|) that p^s are constants and that the above presentation exists if and 
only if all zeroes of the function A(£) are zeroes of P+(£), i.e., 

P+((2k + l)m/3) = for any k e Z, (39) 
P+'((2k + l)m/3) = for any keZ. (40) 

The second condition reflects the fact that all zeroes of the function A are of multiplicity 2. 

Conditions fllPp are identically satisfied for all values of S±, S 2 and v. The conditions 
( P5| ) lead to the system of equations 

q q 

— cos((2A; + l)irv) + — cos((2fc + l)vr/3) = for any k e Z, (41) 
3 2 

which has nontrivial solutions for Si and S 2 if and only if 

cos((2A; + l)nu) cos((2Z + l)vr/3) = cos((2/ + l)m>) cos((2A; + 1)tt/3) 

for any integer k and /. The case I = 3, k = 2 gives cos(77rz/) — cos(57rz/) = and, therefore, 
v = s/6, where s is an integer. To determine s, consider two cases: k, I and k + 3, I. The 
immediate consequence of these cases is 

(cos(s7r) — 1) cos((2fc + l)s7r/6) = for any k G Z. 



S 



Hence, either s = 2n, or for any fceZ there exists neZ, such that (2k + l)s = 6n + 3 i.e., 
s = 61 + 3 for an integer I. 

Finally, the subspace consisting of the elements of the form {Q + f(m)} (case P + ) is 
nontrivial in I if and only if 

v = n±-, — = — (— lr — or 
3' 3 v ; 2 

z/ = n + ^, S 2 = (42) 

with n integer. 

The cases P_ and P gi ye the same values of u, Si and S 2 - 
The other values of v. 

It is proved above that the subalgebra of singlets H 3 {y) C SH' z {y) contains an ideal 
generated by a supertrace if and only ifz/ = n±l/3orz/ = ?2+i/2. If H 3 (v) contains such 
an ideal the latter can be extended to a nontrivial ideal in SH' 3 (u) in an obvious way. It 
will be proved in this section that if all bilinear forms generated by supertraces str(f ■ g) are 
non-degenerate on the subalgebra H 3 {y), then they are non-degenerate on the superalgebra 
SH' 3 (u) too, i.e., that for all the other values of v there are no ideals generated by supertraces 
in the superalgebra SH' 3 (v). 

To this end it suffices to prove that none of the following systems of equations 

n 

Y,M? jPj = 0, i = l,...,n (43) 

3=0 

for pj G H 3 (u) has non-trivial solutions. The matrix elements M n in system ( f43l) are 

M^=(xy- l (x + r'(l/ + ) J ) , (44) 

where the subscript singles out the s^-singlet part (/)o from the polynomial /. 

Clearly, the elements of the matrix M n are the polynomial in m of degree not greater 
than n with coefficients in Cf^]: = Z)fc=o c ^ m& ) c ij e ^[£3], c™- G C. It is also obvious 
that non- degeneracy of the matrix M n with elements (M n )ij = & leads to the absence of 
nontrivial solutions of (|43|). 

Let us find the coefficients c™-. Since, up to polynomials in x and y of lesser degrees, 
m n is a linear combination of the monomials of the form x l y n ~ l (x + ) n ~ l (y + )' 1 , it follows that 
c™- = for i 7^ j. To find c^, let us observe that xy + ~ |T 01 — m and x + y ~ |T 01 + m. 
Here the sign ~ is used to denote the equality up to polynomials of lesser degrees. Hence, 



Ml ~ (3/2)™ ((T 01 - \m)\T Q1 + 



3 1 v 1 3 



m) 







It will be proved below that if f(m, T 01 ) is an arbitrary polynomial, then 

(f(m, T 01 )) o ~ i jf* (/(m, jjmr) + f(m, ~mr)) dr. (45) 
It follows immediately from fl4"5]) that 

Ml * ~(~m)" jf 1 ((r - l) l (r + 1)^ + (-r - l)'(-r + 1)""* ) dr = 

(|m) n T ((1 - rftl + r)"-* + (1 + r)*(l - r)^) dr 



2 v 3 Wo 
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and, as a consequence, ^ (i = 0, n), which, together with c™- = for i ^ j yields the 
non- degeneracy of M i.e., the absence of nontrivial solutions of (§*|). 

To prove fl45), it is sufficient to consider the case f(m, T 01 ) = t k , where t denotes the 
expression T 01 . 

It follows from the sequence of the obvious equalities 







T 



ii 



T l \ 2kT w t 



00+fc-l 



(-4Jfe(Jfe - i) t k - 2 T 00 T n - 8kt k ) Q ~ (-Ak{k - l)t k -\9t 2 - Am 2 ) - 8kt> 



that 



(**)■ 



,k-l 



—m 



'o 9 jfe + 1 
which finishes the proof. 



fc-2 




— m 



/ f-mr^ dr if is even, 
Jo V3 / 

if A; is odd, 
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